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Strong shock in a uniformly expanding medium
G.S. Bisnovatyi-Kogan ∗
Abstract
Propagation of the strong shock in the flat expanding Friedman universe
is investigated using methods of dimension and similarity. Exact analytic
solution of self-similar equations is obtained, determining dependences of the
radius and velocity of the shock wave on time and radius. It is obtained, that
in the expanding medium the velocity of shock decreases as ∼ t−1/5, what
is slower than the shock velocity in the static uniform medium ∼ t−3/5.
The radius of the shock wave in the expanding self-gravitating medium
increases ∼ t4/5, more rapidly than the shock wave radius in the uniform
non-gravitating medium ∼ t2/5. So, the shock propagates in the direction
of decreasing density with larger speed, that in the static medium, due to
accelerating action of the decreasing density, even in the presence of a self-
gravitation.
Keywords: cosmology, strong shock wave, self-similar solution
1 Introduction
At early stages of star and galaxy formation we may expect strong explosions at
last stages of evolution of very massive primordial stars, which enrich the matter
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with heavy elements. Detection of heavy elements at red shifts up to z ∼ 10 from
GRB observations (GRB090423 at z ≈ 8.2, GRB120923A at z ≈ 8.5, GRB090429B
with a photo-z ≈ 9.4) [6] make plausible this suggestion. Propagation of a strong
shock in the static uniform media was investigated by many authors [5], [7], but
the finite analytic self-similar solution was obtained in [3]. Here we obtain a self-
similar solution for the strong shock propagating through the uniform expanding
media, corresponding to the Friedman solution for the flat universe [8].
2 Self-similar solution for a strong shock propa-
gation in a uniform static medium
Let us first describe the self-similar solution of Sedov [3], following [1]. Hydrody-
namic equations in spherically symmetric isentropic case are written as
∂v
∂t
+ v
∂v
∂r
= −
1
ρ
∂p
∂r
,
∂ρ
∂t
+
∂ρv
∂r
+
2ρv
r
= 0,
(
∂
∂t
+ v
∂
∂r
)
ln
p
ργ
= 0. (1)
Here v is a gas velocity in the laboratory coordinate system, ρ is the gas density, p is
the gas pressure. Defining the variables with subscripts ”1” and ”2” corresponding
to the values in front and behind the shock wave, we may write the relations on
the shock, moving through the static media (v1 = 0) in the form [4]
v2 =
2
γ + 1
u1
(
1−
c21
u21
)
,
ρ2 =
γ + 1
γ − 1
ρ1
(
1 +
2
γ − 1
c21
u21
)
−1
, (2)
p2 =
2
γ + 1
ρ1u
2
1
(
1−
γ − 1
2γ
c21
u21
)
.
Here u1 is the shock velocity relative to the unmoving gas in front (v1 = 0), γ is
the adiabatic power, c1 is the sound velocity in the static gas, c
2
1 = γ
(
p1
ρ1
)
. In
2
the strong shock the shock velocity is much larger than the sound velocity in the
undisturbed gas, u1 ≫ c1, and p2 ≫
γ+1
γ−1
p1, so we have from (2)
v2 =
2
γ + 1
u1, ρ2 =
γ + 1
γ − 1
ρ1, p2 =
2
γ + 1
ρ1u
2
1, c
2
2 =
2γ(γ − 1)
(γ + 1)2
u21. (3)
There are only two parameters in the case of the strong shock: the density of
the unperturbed gas ρ1. and the total energy of the explosion E. From these
parameters, together with the independent variables t, r, it is possible to construct
only one non-dimensional combination r(ρ1/Et
2)1/5, what means that the problem
has a self-similar solution. A position of the shock in the self-similar solution should
correspond to fixed value of the self-similar coordinate, so that the distance of the
shock to the center R may be written as
R = β
(
Et2
ρ1
)1/5
, (4)
where β is a number depending only on the adiabatic power γ. The velocity of the
shock u1 in the laboratory frame, relative to the unperturbed gas is defined as
u1 =
dR
dt
=
2R
5t
=
2βE1/5
5ρ
1/5
1 t
3/5
. (5)
So, the velocity of the shock u1, the velocity of the matter behind the shock v2,
moving through the constant density medium are decreasing with time ∼ t−3/5,
and pressure behind the shock p2 ∼ t
−6/5.
Let us use a sound velocity variable c2 = γp/ρ instead of a pressure p. To
find a full solution of the problem introduce non-dimensional variables behind the
shock (V,G, Z) as
v =
2r
5t
V, ρ = ρ1G, c
2 =
4r2
25t2
Z. (6)
depending on the self-similar variable ξ, defined as
3
ξ =
r
R(t)
=
r
β
( ρ1
Et2
)1/5
. (7)
The conditions (3) on the strong shock at r = R, ξ = 1, in non-dimensional
variables (6) are written as
V (1) =
2
γ + 1
, G(1) =
γ + 1
γ − 1
, Z(1) =
2γ(γ − 1)
(γ + 1)2
. (8)
In non-dimensional variables (6) the original system (1) is written as
Z
(
d lnZ
d ln ξ
+
d lnG
d ln ξ
+ 2
)
+ γ(V − 1)
dV
d ln ξ
= γV (
5
2
− V ), (9)
dV
d ln ξ
− (1− V )
d lnG
d ln ξ
= −3V, (10)
d lnZ
d ln ξ
− (γ − 1)
d lnG
d ln ξ
= −
5 − 2V
1− V
. (11)
Here we used relations
∂ξ
∂t
|r = −
2ξ
5t
,
∂ξ
∂r
|t =
ξ
r
. (12)
2.1 Energy conservation integral
The full analytic solution of the problem was obtained by L.I.Sedov, who found the
expression for the full energy integral E, what permitted to omit the equation (9),
see [3]. The conservation of full energy in this problem is a result of the propagation
through the medium with zero pressure, what means zero external work. Due to
self-similarity there should be conservation of the total energy inside any sphere of
smaller radius, which increases with time according to the low ξ = const, with any
value of the const. Points on the sphere of the radius r expanding according this
low, have a velocity vn =
2r
5t
= u1
r
R
. A simple physical derivation of the energy
conservation low was given in the book [1].
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The change of the energy of the spherical region with a radius r, during the
time dt, is determined by its loss due to the flux of the energy dq
−
carried away
by the matter, expanding with the velocity v. Using Bernoulli integral, the flux
through the spherical surface with radius r during the time dt is written as
dq
−
= dt 4pir2ρv(w +
v2
2
) (13)
The gain of the energy dq+ is due to increase of the volume of this sphere during
the time dt by the value (dt vn4pir
2), containing the energy
dq+ = dt 4pir
2ρvn(ε+
v2
2
), w = ε+
p
ρ
. (14)
From the equality q
−
= q+ we have
v(w +
v2
2
) = vn(ε+
v2
2
). (15)
From thermodynamic relations we have [2]
ε =
c2
γ(γ − 1)
, w =
c2
γ − 1
, (16)
so that (15) is written as
v
(
c2
γ − 1
+
v2
2
)
= vn(
c2
γ(γ − 1)
+
v2
2
). (17)
It follows from (5),(6) the relation v
vn
= V , and we have from (17)
c2
γ − 1
(V −
1
γ
) =
v2
2
(1− V ) (18)
Using (6) we write the energy conservation low in the form [4],[1]
Z =
γ(γ − 1)(1− V )
2(γV − 1)
V 2. (19)
Evidently, that at the shock r = R, ξ = 1, with V (1) and Z(1) from (8), the
energy integral (19) becomes an identity. At existence of the energy integral (19)
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we may use only two differential equations (10) and (11) for finding a solution
of the problem. It was shown in [3], that this solution may be obtained in the
analytical form.
2.2 Exact solution
Following [3],[4], we look for an analytic solution of (10),(11), where the variable
Z is determined by the algebraic relation (19). Excluding d lnG
d ln ξ
from (10),(11), we
obtain the equation
(γ − 1)
dV
d ln ξ
− (1− V )
d lnZ
d ln ξ
= 5− 3γV + V. (20)
From (19) we find
d lnZ
d ln ξ
= −
1
1− V
dV
d ln ξ
+ 2
1
V
dV
d ln ξ
−
γ
γV − 1
dV
d ln ξ
. (21)
After substituting in (20) we find the following equation for the variable V
(
γ + 1−
2
V
+
γ − 1
γV − 1
)
dV
d ln ξ
= 5− 3γV + V. (22)
Using relations
−
2
V (5− 3γV + V )
= −
2
5V
+
2
5
1− 3γ
5− 3γV + V
, (23)
γ − 1
(γV − 1)(5− 3γV + V )
=
γ − 1
2γ + 1
γ
γV − 1
+
γ − 1
2γ + 1
3γ − 1
5− 3γV + V
,
we obtain a solution of (22) in the form
γ + 1
1− 3γ
ln(5− 3γV + V )−
2
5
lnV +
2
5
ln(5− 3γV + V ) (24)
+
γ − 1
2γ + 1
ln(γV − 1)−
γ − 1
2γ + 1
ln(5− 3γV + V ) = ln ξ + Const.
Using the boundary condition for ξ = 1 from (8), we obtain the solution for V (ξ)
as [1]
6
(
γ + 1
2
V
)
−2 [
γ + 1
γ − 1
(γV − 1)
]ν1 [γ + 1
7− γ
(5− 3γV + V )
]ν2
= ξ5, (25)
with
ν1 = 5
γ − 1
2γ + 1
, ν2 = −
13γ2 − 7γ + 12
(3γ − 1)(2γ + 1)
. (26)
For finding a solution for G(ξ) we write the equations (10) and (22) in the form
1− (1− V )
d lnG
dV
= −3V
d ln ξ
dV
, (27)
d ln ξ
dV
=
γ + 1− 2
V
+ γ−1
γV−1
5− 3γV + V
. (28)
The equation for G(V ) is obtained from these equations in the form
1− (1− V )
d lnG
dV
= −3V
γ + 1− 2
V
+ γ−1
γV−1
5− 3γV + V
, (29)
which is reduces to
(1− V )
d lnG
dV
=
2(1 + 2V ) + 3 1−V
γV−1
5− 3γV + V
. (30)
Using relations
2 + 4V
(5− 3γV + V )(1− V )
=
2
2− γ
1
1− V
− 2
γ + 3
2− γ
1
5− 3γV + V
, (31)
3
(γV − 1)(5− 3γV + V )
=
3γ
2γ + 1
1
γV − 1
+ 3
3γ − 1
2γ + 1
1
5− 3γV + V
,
we obtain the solution of (30) in the form
lnG = −
2
2− γ
ln(1− V ) +
3
2γ + 1
ln(γV − 1) (32)
+
13γ2 − 7γ + 12
(2− γ)(3γ − 1)(2γ + 1)
ln(5− 3γV + V ) + const.
The const is found from the boundary conditions (8), and finally we obtain the
solution for G(V ) in the form
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G(V ) =
γ + 1
γ − 1
[
γ + 1
γ − 1
(1− V )
]σ1 [γ + 1
γ − 1
(γV − 1)
]σ2
(33)
×
[
γ + 1
7− γ
(5− 3γV + V )
]σ3
,
where
σ1 = −
2
2− γ
, σ2 =
3
2γ + 1
, σ3 =
13γ2 − 7γ + 12
(2− γ)(3γ − 1)(2γ + 1)
. (34)
The function Z(V ) is determined by the integral (19).
The constant β in the definition of the non-dimensional radius ξ in (7) is
obtained from the energy integral E for the known energy of the explosion. The
conserving value of the energy behind the shock is determined as [1]
E =
∫ R(t)
0
ρ
[
v2
2
+
c2
γ(γ − 1)
]
4pir2dr. (35)
In non-dimensional variables (6) this relation reduces to the equation for the con-
stant β
1 = β5
16pi
25
∫ 1
0
G
[
V 2
2
+
Z
γ(γ − 1)
]
ξ4dξ (36)
The value of β, following from this relation is of the order of unity [1], for γ = 7
5
we have β = 1.033.
3 Strong shock in a uniform expanding medium
Let us consider a uniformly expanding medium, corresponding to the flat expand-
ing Friedman universe [8], with a density ρ1, and expansion velocity v1 as
ρ1 = δ/t
2, v1 = 2r/3t. (37)
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This is an exact solution for a uniform expanding self-gravitating medium with
velocity tending to zero at time infinity. The equations in spherical coordinates in
this case are written as
∂v
∂t
+ v
∂v
∂r
= −
1
ρ
∂p
∂r
−
Ggm
r2
,
∂ρ
∂t
+
∂ρv
∂r
+
2ρv
r
= 0, (38)
(
∂
∂t
+ v
∂
∂r
)
ln
p
ργ
= 0,
∂m
∂r
= 4piρr2.
The solution (37) satisfies equations (38) at (Gg - gravitational constant)
δ =
1
6piGg
, ρ1 =
1
6piGgt2
,
Ggm
r2
=
2
9
r
t2
. (39)
The newtonian solution for the flat expanding universe is valid physically in the
region where v1 ≪ clight, c ≪ clight. For the case of a point explosion with the
energy E, the number of parameters is the same as in the previous static medium
(δ, E), therefore we look for a self-similar solution for the case of a strong shock
motion. The non-dimensional combination in the case of a uniformly expanding
medium is written as r(δ/Et4)1/5. A position of the shock in the self-similar
solution should correspond to the fixed value of the self-similar coordinate, so that
the distance of the shock to the center R may be written as
R = β
(
Et4
δ
)1/5
, (40)
where β is a number depending only on the adiabatic power γ. The velocity of the
shock u in the laboratory frame, for the unperturbed expanding gas is defined as
u =
dR
dt
=
4R
5t
=
4βE1/5
5δ1/5t1/5
. (41)
The velocity of the shock u, the velocity of the matter behind the shock v2, moving
through the uniformly expanding medium (37), are decreasing with time ∼ t−1/5,
and the pressure behind the shock p2 is decreasing ∼ t
−2/5, what is considerably
slower than in the case of the constant density medium. It happens due to the
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fact, that the background density is decreasing with time, and the resistance to
the shock propagation is decreasing also.
The Euler equations of motion (1) are valid in this case, but the conditions on
the strong shock discontinuity should be written, with account of the expansion
in the laboratory frame as
v2 =
2
γ + 1
u+
γ − 1
γ + 1
vsh1 , ρ2 =
γ + 1
γ − 1
ρ1, (42)
p2 =
2
γ + 1
ρ1(u− v
sh
1 )
2, c22 =
2γ(γ − 1)
(γ + 1)2
(u− vsh1 )
2.
Here vsh1 =
2R
3t
is the unperturbed expansion velocity on the shock level. We
introduce non-dimensional variables behind the shock as
v =
4r
5t
V, ρ =
δ
t2
G, c2 =
16r2
25t2
Z, m =
4pi
3
ρr3M =
4pi
3
r3
t2
δGM, (43)
depending on the self-similar variable ξ, defined as
ξ =
r
R(t)
=
r
β
(
δ
Et4
)1/5
. (44)
The conditions (42) on the strong shock at r = R, ξ = 1, in non-dimensional
variables (43) are written as
V (1) =
5γ + 7
6(γ + 1)
, G(1) =
γ + 1
γ − 1
, Z(1) =
γ(γ − 1)
18(γ + 1)2
, M(1) = 1. (45)
In non-dimensional variables (43) the original system (1) is written as
Z
(
d lnZ
d ln ξ
+
d lnG
d ln ξ
+ 2
)
+ γ(V − 1)
dV
d ln ξ
= γV (
5
4
− V )−
25
72
γGM, (46)
dV
d ln ξ
− (1− V )
d lnG
d ln ξ
= −3V +
5
2
, (47)
d lnZ
d ln ξ
− (γ − 1)
d lnG
d ln ξ
= −
5− 2V − 5
2
γ
1− V
. (48)
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d lnM
d ln ξ
+
d lnG
d ln ξ
= 3
(
1
M
− 1
)
. (49)
Here we used relations
∂ξ
∂t
|r = −
4ξ
5t
,
∂ξ
∂r
|t =
ξ
r
. (50)
3.1 Construction of the first integral of the problem
The system of three equations (46)-(48), describing the self-similar solution of the
problem, has a first integral, similar to the energy conservation integral in the case
of the static background medium (19). To find this integral, we consider a situation
in the coordinate system, where the background medium is locally static on the
shock at r = R(t). In this non-inertial coordinate system it is possible to construct
the combination of functions, representing the first integral. We cannot call this
integral as an energy integral, because the the system at which it has the same form
as (19) is not inertial. Due to self-similarity there should be conservation of this
integral inside any sphere of smaller radius r ≤ R(t). The frame which is locally
comoving at r = R, has a velocity vsh1 =
2R
3t
relative to the laboratory frame, and
at r ≤ R(t) we should use instead, due to self-similarity, the velocity vsh1
r
R
= 2r
3t
,
like in the case of the static background. This velocity should be subtracted from
all velocities in the expression for the first integral, which has the form (17). At
r ≤ R(t) the velocity vn = u
r
R
= 4r
5t
. We have than
(v−vsh1
r
R
)
(
c2
γ − 1
+
(v − vsh1
r
R
)2
2
)
= (vn−v
sh
1
r
R
)(
c2
γ(γ − 1)
+
(v − vsh1
r
R
)2
2
). (51)
In the non-dimensional variables (43) we have from (51)
(
4r
5t
V −
2r
3t
)[
Z
γ − 1
16r2
25t2
+
1
2
(
4r
5t
V −
2r
3t
)2]
(52)
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=(
4r
5t
−
2r
3t
)[
Z
γ(γ − 1)
16r2
25t2
+
1
2
(
4r
5t
V −
2r
3t
)2]
.
This relation reduces to
(V −
5
6
)
[
Z
γ − 1
+ (V −
5
6
)2
]
= (1−
5
6
)
[
Z
γ(γ − 1)
+ (V −
5
6
)2
]
, (53)
from what follows the first integral in the form
Z =
(γ − 1)(1− V )(V − 5
6
)2
2(V − 5
6
− 1
6γ
)
. (54)
At the shock r = R, ξ = 1, with Z(1) and V (1) from (26), the first integral becomes
an identity, what confirms its correctness. At existence of the first integral (54)
we may use only two differential equations (47) and (48) for finding a solution of
the problem, like in the classical Sedov case.
3.2 Exact solution for the expanding meduim
Similar to the static background medium in the previous section (see [3],[4]), we
look for an analytic solution of (47),(48), where the variable Z is determined by
the algebraic relation (54). Excluding d lnG
d ln ξ
from (47),(48), we obtain the equation
(γ − 1)
dV
d ln ξ
− (1− V )
d lnZ
d ln ξ
=
5
2
− 3γV + V. (55)
From (54) we find
d lnZ
d ln ξ
= −
1
1− V
dV
d ln ξ
+
2
V − 5
6
dV
d ln ξ
−
γ
γV − 5γ
6
− 1
6
dV
d ln ξ
. (56)
After substituting in (55) we find the following equation for the variable V
(
γ + 1−
2
6V − 5
+
γ − 1
6γV − 5γ − 1
)
dV
d ln ξ
=
5
2
− 3γV + V. (57)
Using relations
12
2(6V − 5)(5
2
− 3γV + V )
=
12
(20− 15γ)(6V − 5)
+
2(3γ − 1)
(20− 15γ)(5
2
− 3γV + V )
, (58)
1
(6γV − 5γ − 1)(5
2
− 3γV + V )
=
1
17γ − 15γ2 + 1
6γ
6γV − 5γ − 1
(59)
+
1
17γ − 15γ2 + 1
3γ − 1
5
2
− 3γV + V
,
we obtain a solution of (57) in the form
−
2
20− 15γ
ln(V −
5
6
) +
γ − 1
17γ − 15γ2 + 1
ln(V −
5
6
−
1
6γ
) (60)
+
[
−
γ + 1
3γ − 1
−
γ − 1
17γ − 15γ2 + 1
+
2
20− 15γ
]
ln
(
V −
5
6γ − 2
)
= ln ξ + const.
Using the boundary condition for ξ = 1 from (45), we obtain the solution for V (ξ)
as
[
(γ + 1)(3V −
5
2
)
]µ1 [γ + 1
γ − 1
(6γV − 5γ − 1)
]µ2 [
6(γ + 1)
3γV − V − 5
2
15γ2 + γ − 22
]µ3
= ξ,
(61)
with
µ1 =
2
15γ − 20
, µ2 =
γ − 1
17γ − 15γ2 + 1
, (62)
µ3 = −
γ + 1
3γ − 1
−
γ − 1
17γ − 15γ2 + 1
+
2
20− 15γ
.
For finding a solution for G(ξ) we write the equations (47) and (57) in the form
1− (1− V )
d lnG
dV
= −(3V −
5
2
)
d ln ξ
dV
, (63)
d ln ξ
dV
=
γ + 1− 2
6V−5
+ γ−1
6γV−5γ−1)
5
2
− V (3γ − 1)
. (64)
The equation for G(V ) is obtained from these equations in the form
13
1− (1− V )
d lnG
dV
= −(3V −
5
2
)
γ + 1− 2
6V−5
+ γ−1
6γV−5γ−1
5
2
− V (3γ − 1)
. (65)
It is reduces to
(1− V )
d lnG
dV
= −
4
3γ − 1
+
15γ
2
− 10
3γ − 1
γ + 1
(3γ − 1)V − 5
2
+
1
(3γ − 1)V − 5
2
−
γ − 1
6γV − 5γ − 1
3V − 5
2
V (3γ − 1)− 5
2
. (66)
Here the relation was used:
3V − 5
3
5
2
− 3γV + V
=
1
3γ − 1
(
−3 +
20− 15γ
2(5
2
− 3γV + V )
)
. (67)
Using algebraic relations (59),(67),
1
(1− V )(6γV − 5γ − 1)
=
1
γ − 1
(
1
1− V
+
6γ
6γV − 5γ − 1
)
, (68)
1
(1− V )(5
2
− 3γV + V )
=
1
3γ − 7
2
(
−
1
1 − V
+
3γ − 1
5
2
− 3γV + V
)
, (69)
we obtain the solution of (66) in the form
lnG = κ1 ln(1− V )) + κ2 ln(V −
5γ + 1
6γ
) + κ3 ln(V −
5
6γ − 2
) + const1. (70)
Here
κ1 =
7
3γ − 1
−
2
6γ − 7
+
(15γ − 20)(γ − 1)
(6γ − 7)(15γ2 − 17γ − 1)
−
3γ(15γ − 20)
(3γ − 1)(15γ2 − 17γ − 1)
−
15γ − 20
3γ − 1
γ + 1
6γ − 7
, (71)
κ2 = −
3
3γ − 1
+
3γ(15γ − 20)
(3γ − 1)(15γ2 − 17γ − 1)
.
κ3 =
2
6γ − 7
−
(15γ − 20)(γ − 1)
(6γ − 7)(15γ2 − 17γ − 1)
+
15γ − 20
3γ − 1
γ + 1
6γ − 7
,
The const1 is found from the boundary conditions (45), and finally we obtain the
solution for G(V ) in the form
14
G(V ) =
γ + 1
γ − 1
[
6
(γ + 1)(1− V )
γ − 1
]κ1 [γ + 1
γ − 1
(6γV − 5γ − 1)
]κ2
(72)
×
(
3(γ + 1)
15γ2 + γ − 22
[(6γ − 2)V − 5)]
)κ3
.
The function Z(V ) is determined by the integral (54).
4 Discussion
The constant β in the definition of the non-dimensional radius ξ in (44) is obtained
from the explosion energy integral E. The conserving value of the explosion energy
behind the shock in the uniformly expanding medium, with velocity and density
distributions (37), is determined as
E =
∫ R(t)
0
ρ
[(
v − 2r
3t
)2
2
+
c2
γ(γ − 1)
]
4pir2dr. (73)
In non-dimensional variables (43) this relation reduces to the equation for the
constant β
1 = β5
64pi
25
∫ 1
0
G
[(
V − 5
6
)2
2
+
Z
γ(γ − 1)
]
ξ4dξ (74)
The gravitational energy of the self-gravitation is not included directly in the
explosion energy, but implicitly it is present in the decreasing expansion velocity
of the background solution (39).
It follows from the self-similar solution, that in the expanding medium the ve-
locity of shock from (41) decreases as ∼ t−1/5, what is much slower than the shock
velocity in the static uniform medium ∼ t−3/5, according to Sedov solution (5).
Correspondingly the radius of the shock wave in the expanding self-gravitating
medium increases ∼ t4/5, more rapidly that the shock wave radius in the uniform
non-gravitating medium ∼ t2/5. It means, that the shock propagates in the di-
rection of decreasing density with larger speed, than in the static medium, due
15
to accelerating action of the decreasing density, even in the presence of a self-
gravitation.
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